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Scaling up wavelebeffs Attenuating waveletoeffs



Why?

Dealing with complexity

. large databases

Bmany pixels: image manipulation, bandwidth
Bmany patches: modeling, rendering
Bmany parameters: optimization, animation

Hierarchy
. levelof-detall
. multiresolution




Foundation

Observation

. most interesting data Is not random

Exploit

. structure, coherence, correlation, smoothness
Result

. more compact representation
. more efficient computations



What?

Computational frameworks

. easy to implement
. fast: linear time Wavelets

. wide applicability
Theoretical framework

- mathematical foundation
. analysis and error estimates

A




Many oparentsao
. digital signal processing

Bfilter banks

Bimage compression

Btime frequency localization
. physics

Bcoherent state



Many oparentsao
. harmonic analysis
Banalysis of integral operators

. numerical analysis
Bfastmultigridsolvers for PDEs and integral equations

. geometric modeling
Bsubdivision



History

Highlights

- 1911 Haar

. 1930.Littlewood Paley
- 1940: Gabor

- 1960:Calder-Zygmund



History

Highlights

. 1984: continuous wavelet transform
. 1985:subbandcoding

. 1985:multiresolutionanalysis

. 1988: orthogonal wavelets

. 1990:biorthogonalwavelets

. 1994: second generation wavelets



Roadmap

Signals and their frequency contents
. Fourier

. windowed Fourier: Gabor

. Wavelet






@Analyzing Signals

Fourier Transform
. frequency content
. linear combination o$in(¥t) andcogq¥t)
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Spatialdomain Heqguencydomain



@ Spectrum

Spatial domain Heqguencydomain
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Gabor (1940)

. time frequency analysis

. windowed Fourier
transform




Gabor Transform

Find
- frequencyy In the vicinity ofb

/ function to analyze

F(b,¥) ={f]x) g(x - b) sinfrx) dx

window function atbj a frequencyy
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Gabor Transform

Problems

. discrete version very difficult to find
. no fast transform

. fixed window size!

Solution
. large windows for low frequencies
.- small windows for high frequencies



i~ Gabor Transform
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Wavelets

Translates and dilates of one function

X-b
[z}
Mother Wavelet

. local In space

. local in frequency
Bsmooth: no high frequencies
Bintegral zero: no low frequencies



Wavelet Base Spectra



Wavelets

Find
. scaleato locationb

function to analyze

F(b,¥) = x) q(%) dx

Wavelet /



Wavelets

Spatiabdomain

Waveletdomain
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Summary

Fourier analysis
. global frequency properties

Picking out local phenomena
.- windowed Fourier transform: Gabor

Wavelets
. window varies with frequency



Making it-Practical

A simple example

. Haartransform

Building more powerful transforms
. Lifting scheme

Generalizations
.- making it work on general domains






HaarTransform

Averages and differences
- two neighboring samples

s=(a+b)/2
7 \\Aa:ﬁdIZ
\ / b=s+d/2

d=Db-a

ab

Properties
. exploits correlation
. better encoding possible
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Box function andHaarwavelet

s=(a+hb)/2
average
\ +
difference
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@ General-Structure

Single step and its inverse

>

Forward

>

Inverse
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HaarTransform

Pyramid transform

. pass from samples to averages and difference
- lineartime:2n+n+n/2+n/4+n/8+ ...=4n

. easy to invert

Sk » S > Sk » Sk
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d]-l,k d]'z,k dj-3,k




@ Haar Basis

Change of Basis
. Box basis tdHaar basis
. Scaling functions:
Ge( x) =-K (2
. Wavelets:
Yix (X) =Y (2 x-K)
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Transforming therlmage







Recap

Haar

. simple and fast wavelet transform
Limitations

. not smooth enough: blocky

How to improve?

. classical approach: basis functions
. Lifting: transforms
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Classical Construction

Fourier analysis

. regular samples, infinite setting

. analysis of polynomials

Conditions:

. smoothness

. perfect reconstruction

But...

- Fourier analysis not always applicable



Lifting ‘Scheme

Custom design construction
. entirely in spatial domain

Second generation wavelets
. boundaries

- Irregular samples

. curves, surfaces, volumes



@ HaarTransform

Averages and differences
- two neighboring samples

s=(a+h)/2
//' \\Aa:ﬁd/Z
\\x. ‘//x b=s+d/2

d=Db-a

ab



HaarTransform

In-place Version
. want to overwrite old values with new values

. rewrite
d=Db-a s=za+d/2

b -=a; a+=Db/2;
- Inverse: run code backwards!
a -=Dbl/2; b+=a;



@ HaarTransform

Forward

for(s=2;s<=n;s*=2)
for(k=0;k<n;k+=s){
c[ k+s/2] - =c[K];
c[k] +=c| k+s /2] ] 2;



@ HaarTransform

Inverse

for(s=2;s<=n;s*=2)
for(k=0;k<n;k+=s){
clk] -=c[ k+s/2]/2;
c[ k+s /2] += c[k];



HaarTransform

Lifting version
. split into even and odd
(even ;_j,0dd ;_;) := Split( S )

. predict and store difference: detail coefficient
di_, =odd ; ; - even; ,
. update even with detail: smooth coefficient

Sj., =even ;_ ; +d; ,/2
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even smooth
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S; Spllt‘ E/LP:I

detall

di_; =odd ; ; T P(even;_,)

Sj., =even ; ; +U( )



HaarTransform

Predict

. perfect If function Is constant
. detall coefficients zero

. removes constant correlation

Update

. preserve averages of coarser versions
. avoid aliasing

. obtain frequency localization



@ HaarTransform

even smooth

| + Si_1
S; AI split ‘ IiP]
| d
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odd detall




Lifting ‘Scheme

Advantages

. In-place computation
. efficient, general

. parallelism exposed
. easy to invert
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Lifting

Build more powerful versions

- higher order prediction

- Haarhas order 1

. higher order update

. preserve more moments of coarser data
An example

- linear wavelet transform




Linear Prediction

Use even on elther side
. keep difference with prediction

. exploit more
coherence/smoothness/correlation

original ‘\ f _/‘
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@ Update

Even values arsubsampled
. aliasing!

DC components different
[ average different \

N D~



detail Zero mean

Sk = ax +14(dgq+dg)
smooth — ‘\\-detail







Linear Wavelet Transform

Order
. linear accuracy: 2nd order
- linear moments preserved: 2nd order
. (2,2) of CohenDaubechied-eauveau
| +
—| split ‘
|

Extend ~
- build higher polynomial order predictors
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Higher Order Prediction

Use more (D) neighbors on left and right
. define interpolating polynomial of order N=2D
. sample at midpoint for prediction value

. example: D=2

effective weights:

-1/16 9/16 9/16 -1/16




Summary

Lifting Scheme

. construction of transforms
. spatial, Fourier
Haarexample

. rewriting Haarin place

Two steps
. Predict
. Update



Summary

Predict
. detall coefficient is failure of prediction

Update

. smooth coefficient to preserve moments, e.g.,
average

Higher order extensions
- Increase order of prediction and update



@ Building- Blocks

Transform

. forward
W{Sn’k} - {dJ!I}

{Snict =W {dy]
buildingbl
- superposition / uildingblocks

- Inverse



@ Scaling Functions

Cascade/Subdivision
. single smooth coefficient

R |
delta sequence E/LP:I ‘mergel—
|

0 )
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Scaling Functions
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Scaling Function

o(x)
o o 1 o o_.,A

l {h| } subdivide
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P(X) = Zhl@(zx ~1)



Duality

Function at 2 successive scales

Zsj,kq’j,k(x) =f(x) = 25j+1,|(Pj+1,|(X)
coarse E/( | ‘\ fine

column vectors of coefficients
(0N ) (

Sji11 | = H| Sjk
N N

Pk ):( Pjir) )|-|

row vectors of bases




@ Interpolating-Scaling Function:

Properties for order N=2D
. compact support:
e(x)=0 xe[-N+1,N-1]
- Interpolation:
¢(k) = d
. polynomial reproduction:

zkp(p(x ~k)=xP
Kk



@ Interpolating-Scaling Function:

Properties for order N=2D

. smoothness:
ik c(N)
. twoscalerelation:

N
X)= ) ho(2x-1)
I=-N
Sjrtl = Zhl—stj,k Pjk (X Zhl 2k Pj1,1 (X
k



@ Wavelets

Cascade/Subdivision
. single detall coefficient

0] -
delta sequence E/Lp]
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constant quadratic



Average Interpolation

ldea
. assume observed samples are averages

. which polynomial would have produced those
averages?

match

observation p(x)
Sjk-1 Sjk  Sjk+1

Sj+1,2k  Sj+1,2k+1

finer averages



@Average Interpolation




Scaling Functions







